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Abstract

We present a comprehensive formalism, which we call Mirror Topology (MT), centered
on the Basta Shadow Transform. MT reconstructs classical topological invariants as phase-
holonomy observables of a singular complex mirror operator and extends topology to multi-
object ensembles via additive phase conservation laws. The paper develops the kernel-based
analytic machinery, defines the mirror geometry and metric, proves core theorems (including
a cup—anticup—torus equivalence theorem), and outlines generalizations to higher genus, non-
orientable surfaces, gauge-theoretic interpretations, and computational pipelines. Concrete
examples and appendices sketch residue calculations and suggest numerical experiments for
spectral decomposition of the transform.
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1 Introduction

Topology is classically presented as the study of properties invariant under continuous defor-
mation. This narrative obscures an alternative, mechanistic viewpoint: topology is the study
of phase invariants that survive projection through singular operators which destroy metric in-
formation but preserve winding data. The Basta Shadow Transform, introduced in this paper,
is such a singular operator. It transparently encodes holes, genus, and orientation as phase
holonomies in a log—polar, branch-stratified mirror space. This paper lays out a full axiomatic
and computational framework for Mirror Topology (MT), demonstrates equivalences with classi-
cal invariants, generalizes to multiple objects, and provides roadmaps for further developments.

1.1 Overview and motivation

We motivate MT with the familiar coffee-cup/torus example, then formalize the concept so
it becomes computable: objects are mapped via a mirror operator to curves in a singular
mirror-space M whose angular component records winding. Dual illumination (conjugate phase
channels) gives orientation sensitivity. Phase-matching between object holonomy and mirror
distortion determines whether an anticup exists and whether two objects share the same mirror
shadow.

1.2 Notation and conventions

We use log to denote the complex logarithm with explicit branch indices when needed. For
a complex-valued function g, argg denotes its argument (phase) considered modulo 27. The
variable s is used for spectral/complex parameter arguments of kernels; x denotes spatial co-
ordinates on embedded objects. Integrals over objects are taken with respect to their natural
surface measure unless otherwise stated.

2 Preliminaries: The Basta kernel and its analytic structure

Definition 2.1 (Principal Basta kernel). Define the principal component of the Basta kernel
by
f(s) _ €1n|sec(7rs)|;ei(ln|csc(7rs)\+7r) (1)



interpreted initially on the principal branches of the real-valued logarithms.
We immediately obtain the simplified amplitude—phase form
f(s) = —, | sec(ms)], e mlescm)l = A(s)ed(), (2)

To extend beyond the principal quadrant we remove absolute values and restore complex
logarithms with branch indices. This leads to the full-plane sheeted kernels introduced below.

Definition 2.2 (Full-plane Basta kernels). For k € Z define

fr(s) = exp!(log sec(ms) + i(logesc(ms) + (2k + 1)7?)). (3)

Define conjugate-shadow kernels

fE(s) = exp!(log sec(ms) £ ilog csc(ﬂs)) (=D (4)

Poles and branch points: sec(ws) has poles at s = (2n + 1)/2, while csc(ms) has poles at
s =mn,n € Z. Logarithmic branching occurs when passing around these singularities, generating
the Riemann-sheet index k.

3 Axioms of Mirror Topology

We present the axioms that form the conceptual backbone of MT.

Axiom 3.1 (Dual illumination). There erist two conjugate phase channels LT, L™ with L= =
L+, used to probe orientation and parity of loops.

Axiom 3.2 (Singular mirror geometry). There exists a mirror operator M : X — S, where
X is the class of embedded compact manifolds under study, and S is a stratified singular phase
space carrying coordinates (p, 0, k) recording radial distortion, angular phase, and branch index
respectively.

Axiom 3.3 (Shared rotation law). For an object X € X there exists at least one closed loop
v C X such that

Px(7) = Pm(M(y)) (mod;2m). (5)
If no such loop exists the object is topologically trivial in the MT sense.

Axiom 3.4 (Mirror equivalence). Two objects X, Y € X are MT-equivalent (topologically equiv-

alent) iff
M(X) = M(Y) (6)

up to phase conjugation and branch relabeling.

4 Mirror geometry: coordinates and metric

Definition 4.1 (Mirror space). The mirror space M is the log—polar, sheeted manifold with
local coordinates Here p = R(logsec(ws)) measures amplitude distortion; 8 = I(logcsc(ms))
measures phase winding; k indexes Riemann sheets generated by analytic continuation.

Definition 4.2 (Mirror metric). Equip M locally with the metric
ds? = dp? + p%,d6? + A2, dk?, (7)

where X > 0 is a chosen scale for discrete sheet separation. Distances in M quantify distortion
energy rather than Euclidean length: moving along p or changing sheet index can be costly while
varying embedding within a sheet may be inexpensive.



5 The Basta Shadow Transform

Definition 5.1 (Basta shadow operator). For a suitable test function y(x) on an embedded
object X and a chosen sheet indez k, define the Basta Shadow Transform on sheet k by

By = /X y(@), fi(s), dpx (x). (8)

The full transform may sum over sheets and include conjugate channels:

By =3 [ @) (57(9)+ F(5) dpx () (9)

kEZ

5.1 Interpretation and properties

e The transform collapses metric details of X, but its angular (phase) dependence detects
and records nontrivial windings of loops on X.

e Poles of the kernel align with the mirror’s sensitivity to holes: half-integer and integer
lattices in s act as topological detectors.

e Analytic continuation across singularities records branch transitions and higher-genus
structure via the sheet index k.

6 Invariants: phase holonomy and classical correspondences

Definition 6.1 (Phase holonomy). For a closed loop v C X, define the phase holonomy

wx(r) = § a8 = § darg, (o), (10)
M) v
computed along the image of vy in the mirror space. The integer-valued winding (divided by 2w )

recovers the usual winding number.

Proposition 6.1. The fundamental group 71 (X) is isomorphic to the group generated by phase
holonomies under concatenation.

Sketch. Concatenation of loops corresponds to addition of phase integrals (mod 27), the identity
loop has zero phase, and inversion corresponds to conjugation (sign reversal). The resulting
algebra recovers 71(X) as the discrete image of phase additions. O

Homology and genus: The Z-module generated by independent phase holonomies corre-
sponds to Hj(X;Z) and its rank equals the first Betti number. Genus is the dimension of the
independent phase subspace.

7 Cup—Anticup—Torus Theorem

Theorem 7.1 (Cup—Anticup—Torus). Let C' be a compact embedded surface with a single non-
trivial handle (a coffee-cup). Then there exists a conjugate object C (the anticup) such that the
combined mirror projection of C and C yields the same mirror shadow as a standard torus T?:

M(CUC) = M(T? (11)

up to branch relabeling and phase conjugation.



Sketch. The cup admits a single independent closed loop v with phase holonomy w # 0. The
anticup is constructed by reversing local orientation to produce a loop with holonomy —w. The
mirror projection preserves only holonomy classes; hence the multiset w, —w is equivalent to
the torus’s phase spectrum (a pair of generators with appropriate relations). Quotienting by
phase conjugation and branch identification identifies the two images. O

8 Generalization to many objects

8.1 Ensembles and phase vectors

For an ensemble O = X7, ..., X,, associate to each X; a finite phase vector ©(X;) = (0;1, ..., 0im,)
listing independent holonomies. The collective mirror projection is determined by the multiset
union of component phase vectors.

8.2 Topological conservation and operations

Define the total phase of an ensemble by
0(0) = 6(X;) (12)

with addition performed component-wise and modulo branch equivalences. Two ensembles are
MT-equivalent iff their total phase vectors match up to permutation and branch relabeling.
Operations:

e Phase cancellation: If two components carry holonomies w and —w their contributions
cancel; this models hole annihilation.

e Phase addition: Merging components concatenates phase vectors, possibly producing
higher genus.

9 Relation to higher dimensions, gauge fields, and non-orientable
surfaces

9.1 Higher dimensions

Replace the angular coordinate 6 with a closed differential form (a phase form) capturing local
holonomy in higher codimension. The mirror space becomes stratified by form-degree and sheet
indices associated to cohomology classes.

9.2 Gauge-theoretic interpretation

The mirror operator defines a connection on a principal bundle over the object: the phase is
the holonomy of that connection. Nontrivial gauge flux corresponds to topological charge in
MT. This observation opens a pathway to reinterpret known topological quantum field theories
(TQFTSs) in mirror-geometric language.

9.3 Non-orientable surfaces

Non-orientability manifests as branch-interference and failure of global phase sign consistency.
MT captures this as impossibility to globally trivialize the sign of the L~ channel; local branch
charts and transition functions record the obstruction.



10 Examples and computations

10.1 The sphere

All nontrivial loops are contractible; the mirror projection yields zero total phase and a trivial
shadow.

10.2 The torus

Two independent cycles produce a two-dimensional phase lattice. The kernel poles and sheet
transitions encode these cycles as independent angular currents.

10.3 A pair of cups

Two cups each with single holonomy w;,wy can combine to produce: (i) cancellation if w; =
—wsg, (ii) genus-2 object if independent, or (iii) a connected sum determined by their phase
vector span.

11 Floating Particles Under Sunlight: Stochastic Mirror Emer-
gence

We consider a geometric object X embedded in R™ and a singular mirror operator
M: X — S,

where S is a mirror phase space equipped with coordinates (p, 6, k) representing distortion
magnitude, rotational phase, and branch index respectively.

Instead of deterministic paths, we model unresolved micro-geometry via Brownian motion.
Let B; be a Brownian process constrained to X. The induced rotational phase becomes a
stochastic process

T
or = / a8(B,),
0

interpreted as a Stratonovich integral to preserve orientation.
The mirror operator M annihilates metric information while preserving phase winding.
As T — oo, individual trajectories lose coherence, but their aggregate behavior converges in

expectation:
Bler] = § o,
X

where vx is any representative loop of the topological class of X.

Thus, Brownian motion generates a phase cloud (or smoke), filling the mirror space S,
while the expected rotational drift remains quantized and invariant. This drift constitutes the
surviving topological signal under stochastic deformation.

Physically, this corresponds to floating particles illuminated by sunlight: individual paths are
random and incoherent, yet collective circulation patterns persist and reveal hidden structural
constraints.

12 Phase Drift Conservation and Emergent Topology
Define the stochastic phase evolution equation

dO = wdt + odWs,



where w is the deterministic phase drift induced by global topology, ¢ encodes geometric noise,
and W; is standard Brownian motion.
The mirror geometry filters out the noise term in the long-time limit:

1
lim =6y = Imost ly.
Am O w almost surely

We define the smoke distribution

1
f) = lim =P(Or € db),
wo) = lim —P(Or € df)
which is continuous, rotationally symmetric, and peaked at discrete winding numbers deter-
mined by w.

For two objects X and Y, topological equivalence holds iff

E[07] = E[67],

i.e. their phase drifts coincide under the same mirror distortion. This criterion is invariant
under metric deformation, embedding, and stochastic perturbation.
For a collection of objects {X;}, phase contributions add linearly:

@total = E @i7 Wtotal = § Wi
) 7

Topology therefore emerges as a conservation law of phase drift under stochastic motion.
Holes, handles, and genus are not geometric artifacts but stable attractors in phase space,
revealed statistically through Brownian smoke.

Floating Particles Under Sunlight Emergence Theory asserts:

Topology is the invariant rotational drift that survives Brownian motion after projection
through a singular mirror, observable as persistent circulation within an otherwise random phase
cloud.

13 Spectral analysis and computational directions

The transform B; admits a spectral decomposition on suitable function spaces over X, inter-
twining Mellin-like scaling (via p) with angular Fourier modes (via #). A practical pipeline
is:

1. Discretize X and compute loop holonomies numerically using parallel transport of a tan-
gent frame.

2. Evaluate Byy on a grid of s avoiding singular lattices and perform analytic continuation
to detect sheet transitions.

3. Use residue summation near integer /half-integer lattices to identify phase generators.

4. Classify the object by the rank and relations of the detected phase vectors.

14 Future work and next steps

We enumerate natural next steps and open problems.

¢ Rigorous functional-analytic foundations: Define appropriate function spaces for By,
and prove boundedness, compactness, and spectral properties.



¢ Residue and index theorems: Relate residues of By at lattice singularities to index-
theoretic invariants of embedded manifolds.

e Categorical formulation: Develop a category whose objects are mirror-space geodesics
and morphisms are phase-preserving correspondences; relate to cobordism categories.

e Computational library: Implement numerical routines for holonomy extraction, sheet-
tracking, and mirror-space visualization.

e Applications: Use MT to detect topological phase transitions in physical systems, ana-
lyze knotted fields, and provide new invariants for data-analysis on manifolds.
15 Conclusion

Mirror Topology reframes classical topology as the conservation of phase under dual illumi-
nation through a singular mirror operator. The Basta Shadow Transform provides a concrete
analytic and computational realization of this idea and extends naturally to ensembles, higher
dimensions, and gauge-theoretic contexts. The framework recovers classical invariants while
offering new dynamical and spectral perspectives on topological structure.

A Appendix A: Formal manipulation of the Basta kernel

We collect several useful identities and expansions for fi(s) and f,;t(s), plus a sketch of residue
computations in neighborhoods of integer lattices. Detailed calculations omitted for brevity but
included in companion notes.

B Appendix B: Numerical experiment outline

A sample discretization scheme for a triangulated surface X is provided, including a method to
compute discrete parallel transport and accumulate phase integrals along mesh cycles.
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